Let B = {(B 1 t , . . . , B d t ) , t ≥ 0} be a d-dimensional fractional Brownian motion with Hurst parameter H and let R t = (B 1 t ) 2 + · · · + (B d t ) 2 be the fractional Bessel process. Itô's formula for the fractional Brownian motion leads to the equation
is a Brownian motion. In this paper it is shown that X t is not a fractional Brownian motion if H = 1/2. We will study some other properties of this stochastic process as well.
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Introduction
Let B = {(B 1 t , . . . , B d t ) , t ≥ 0} be a d-dimensional fractional Brownian motion with Hurst parameter H ∈ (0, 1). That is, the components of B are independent one-dimensional fractional Brownian motions with Hurst parameter H ∈ (0, 1).
Denote the fractional Bessel process by R t = (B 1 t ) 2 + · · · + (B d t ) 2 . In the standard Brownian motion case there is an extensive literature on this process, see for example [7] . It is natural and interesting to study this process for any other parameter H. If d ≥ 2 and 1/2 < H < 1, using the Itô's formula for the fractional Brownian motion we obtain
and for d = 1 we have
where δ 0 is the Dirac delta function, and the stochastic integrals are interpreted in the divergence form. Equation (1) have been proved in [4] in the case H > 1 2 , and for Equation ( 2) we refer to [1] , [4] , [5] and [6] . In the classical Brownian motion case it is well-known from the Lévy's characterization theorem that the first term in the decomposition (1)
is a classical Brownian motion. It is then natural and interesting to ask whether for any other H, the process X = {X t , t ≥ 0} is a fractional Brownian motion or not. The difficulty is that there is no characterization as convenient as Lévy's one for general fractional Brownian motion (H = 1/2). It is then difficult to show whether a stochastic process is a fractional Brownian motion or not. In this paper, we shall prove that if H = 1/2, then {X t , t ≥ 0} is NOT a fractional Brownian motion. Our approach to show this fact is based on the Wiener chaos expansion (see for example [3] and [5] ).
It seems to be the natural method to be used here since there is no other powerful tool available. Although {X t , t ≥ 0} is not a fractional Brownian motion, it enjoys some properties that the fractional Brownian motion has, such as self-similarity and long range dependence (H > 2/3). We will study these and some other properties of the process X. Section 2 will recall some preliminary results. Section 3 will study the case d = 1, namely, the process t 0 sign(B t )dB t and Section 4 is devoted to the study of general dimension, ie, the process
Preliminaries
Let B = {B t , t ≥ 0} be a fractional Brownian motion with Hurst parameter H ∈ (0, 1). That is, B is a zero mean Gaussian process with the covariance function
We denote by K H (t, s) the square integrable kernel such that
Fix a time interval [0, T ], and let H be Hilbert space defined as the closure of the set of step functions on [0, T ] with respect to the scalar product
The mapping 1 [0,t] −→ B t can be extended to an isometry between H and the Gaussian space H 1 (B) associated with B. We will denote this isometry by ϕ −→ B(ϕ).
The operator defined by 
where c H =
, and for any α > 0 we denote by I α T − (resp. D α T − ) the fractional integral (resp. derivative) operator given by
We denote by D and δ the derivative and divergence operators that can be defined in the framework of the Malliavin calculus with respect to the process B. Let D k,p , p > 1, k ∈ R, be the corresponding Sobolev spaces. We recall that the divergence operator δ is defined by means of the duality relationship
where u is a random variable in L 2 (Ω; H). We say that u belongs to the domain of the divergence, denoted by Dom δ, if there is a square integrable random variable δ(u) such that (3) holds for any F ∈ D 1,2 . The domain of the divergence operator is sometimes too small. For instance, in [1] it is proved that the process u = B belongs to L 2 (Ω; H) if and only if H > . On the other hand, in [2] it is proved that for all t ≥ 0, the process sign(B t ) belongs to the domain of the divergence when H > . Following the approach of [1] it is possible to extend the domain of the divergence operator to processes whose trajectories are not necessarily in the space H. Set
H denotes the adjoint of the operator K * H . Denote by S H the space of smooth and cylindrical random variables of the form
where n ≥ 1, f ∈ C ∞ b (R n ) (f and all its partial derivatives are bounded), and φ i ∈ H 2 .
In [1] it is proved that for any H ∈ (0, 1), the process sign(B t ) belongs to the extended domain of the divergence in any time interval [0, T ] and the following version of Tanaka's formula holds
(see also [5] , [6] for this and a more general formula). In this formula
ds is the the density of the occupation measure
Define the process X = {X t , t ≥ 0}, by
In the case of the classical Brownian motion (H = ), the process X turns out to be a Brownian motion. We will show first that for any H ∈ (0, 1), X is a H-self-similar process, that is, for all a > 0 the processes {X at , t ≥ 0} and {a H X t , t ≥ 0} have the same law.
Proposition 2
The process X = {X t , t ≥ 0} is H-self-similar.
Proof. Using the self-similarity property of the fractional Brownian motion and Tanaka's formula (5) yields that for any a > 0
where the symbol d = means that the distributions of both processes are the same. This completes the proof.
Then, it is natural to conjecture that for any H, the process X t is a fractional Brownian motion of Hurst parameter H. We will see that this is no longer true if H = 1 2 , although the process X t shares some of the properties of the fractional Brownian motion.
Let us first find the Wiener chaos expansion of the process sign(B t ). We will denote by I n the multiple Wiener integral with respect to the process B. Lemma 3 Let 0 < H < 1. We have the following chaos expansion for sign(B t ):
where
converges to sign(x) as ε tends to zero. Hence, f ε (B t ) converges to sign(B t ) in L 2 (Ω) as ε tends to zero. The application of Stroock's formula yields
Taking the limit of (7) in L 2 (Ω) as ε tends to zero we obtain sign(B t ) = ∞ n=0 a n (t)
where a n (t) = lim ε↓0 a
t 2H (0). As a consequence, a n (t) = 0 if n is even and
Using Stirling's formula we obtain
and we have proved the following proposition.
Proposition 4 For any 0 < H < 1, the random variable sign(B t ) belongs to the Sobolev space D α,2 for any α < . Now it is easy to obtain the chaos expansion of
A consequence of this proposition is the following Proposition 6 For any 0 < H < 1 and t > 0, the random variable
Proof. It is easy to check that there is a constant C > 0 such that
This proves the proposition. The next proposition states that t 0 sign(B t )dB t is not a fractional Brownian motion.
Proposition 7
The process X = {X t , t ≥ 0} is not a fractional Brownian motion.
Proof. Suppose that X is a fractional Brownian motion. Then it is a fractional Brownian motion with Hurst parameter H since it is self-similar with parameter H. Then, the process
η H (t, r)dX r must be a standard Brownian motion with respect to the filtration generated by X, where
We claim that
In fact, set t n k = tk n , k = 0, . . . , n, and consider the approximations
converge to η H (t, r)1 [0,t) (r) in the norm of the Hilbert space H. On the other hand, by Definition 1, for any smooth and cylindrical random variable F ∈ S H we have
As before this converges to
as n tends to infinity. So (8) holds. We can write, using Lemma 3
So,
and I 2k+2,t (f ) denotes
). We can transform these multiple stochastic integrals into integrals with respect to a standard Brownian motion, using the operator K * H . In this way we obtain
and the process
is a Brownian motion with respect to the filtration generated by W . Hence, every component of the chaos expansion is a martingale with respect to the filtration generated by W . In particular, this implies that the coefficient of the second chaos K * ⊗2
H f 2 (t, s 1 , s 2 ) must not depend on t. For H > 1 2 we have
). We have used the fact that
Taking t = max(s 1 , s 2 ), we would have K * ⊗2 H f 2 (t, s 1 , s 2 ) = 0, because
Hence, η H (t, u 1 ∨ u 2 ) = 0, which leads to a contradiction.
Suppose now that H < 1 2 . In this case we have
), using again that
As a consequence, η H (t, r) behaves as Cr −H (t − r)
Taking again t = max(s 1 , s 2 ), we would have K * ⊗2 H f 2 (t, s 1 , s 2 ) = 0 which leads to a contradiction.
Consider the covariance between two increments of the process X:
where 0 < a ≤ n. We say that X is long-range dependent if for any a > 0,
The next proposition studies the long-range dependence properties of the process X. We see that this property differs from that of fractional Brownian motion.
Proposition 8 Let
Proof. From Lemma 3 we can deduce the Wiener chaos expansion of the random variable X t . In fact, we have
where b k is defined in (10) and
Let us compute the covariance of X s and X t − X r , where 0 < r < t. From the Itô isometry of multiple stochastic integrals it follows that
We have
Thus let s = 1, r = n, and t = n + 1 and we have
as n tends to infinity. Thus if H ≥ 2/3, n≥a r(n) = ∞. If H < 2/3, then we use another approach. Set, as before
Using the formula for the expectation of the product of two divergence integrals we obtain
where α H = H(2H − 1). This formula can be proved by approximating the function sign(x) by smooth functions and then taking the limit in L 2 (Ω). We have
Hence,
For the second term we have
To estimate a n , we have from (6)
As a consequence, if H < 2/3, then n≥1 r(n) < ∞.
General Dimension
In this section we consider a d-dimensional fractional Brownian motion B = {(B . Let R t = |B t | be the fractional Bessel process associated to the d-dimensional fBm B.
Suppose first that H > 
It has been proved in [1] that
for each i = 1, . . . , d and
In the case H < 1 2
the following result holds.
, the process Proof. For any test random variable F ∈ S H we have
where, for any ε > 0,
We have h ε (x) ∈ C 2 (R) and lim , we have
The process
is H-self-similar, Hölder continuous of order α < H, and it has the same 1 H -variation as the fractional Brownian motion. Nevertheless, as we will show in the next proposition it is not a fractional Brownian motion with Hurst parameter H.
For h ∈ H ⊗n , we denote
First we find the chaos expansion of 
Proposition 10 The following chaos expansion holds for
Proof. Using Stroock's formula yields for each i = 1, . . . , d
2y dy.
Finally, the result follows from Using these results we can prove the following proposition.
Proposition 11
The process Y = {Y t , t ≥ 0} defined in (12) is not a fractional Brownian motion.
s is a fractional Brownian motion, then as in previous section one can show that In a similar way to one dimensional case, one can show that {Z t , t ≥ 0} is not a martingale By the formula for the expectation of the product of two divergence integrals we can write
